We construct a locally supersymmetric worldsheet formulation of a nonAbelian Ramond-Neveu-Schwarz (NARNS) string theory where the string coordinates are noncommuting matrices in a group U (N ). This is described by the two-dimensional supergravity coupled to supersymmetric Yang-Mills fields and adjoint matters in the gauge group U (N ). We show that our NARNS string theory has a free string limit where it becomes N-copies of usual RNS string which can be described by the orbifold conformal field theory corresponding to the covariant worldsheet version of the Matrix string theory of Dijkgraaf, Verlinde and Verlinde. In the weak coupling limit, i.e. g s → 0 where g s is the coupling constant of our theory related with the Yang-Mills
I. INTRODUCTION AND MOTIVATION
The nonperturbative formulation of string theory needs a mysterious eleven dimensional M-theory [1, 2] , which is a strong coupling limit of type IIA superstring theory and that its low energy limit is eleven dimensional supergravity which has membrane and M5-brane as fundamental degree of freedom as well as graviton. Though one is lacking an intrinsic definition of M-theory in terms of its underlying degrees of freedom, its mere existence led to many powerful predictions or simplifications of superstring duality [3] . Major step forward was taken by Banks, Fischler, Shenker and Susskind (BFSS) whose conjecture is that Mtheory quantum dynamics in the infinite momentum frame (IMF) is described by U(N) supersymmetric Yang-Mills (SYM) quantum mechanics [4] . One of the remarkable pictures of the BFSS matrix theory is that the spacetime coordinates live in a linear space of matrices which define so-called noncommutative spacetime geometry [5] . The classical commutative geometry is only sensible concept in a long distance regime. The matrix theory provides a natural and simple mechanism for the appearance of a noncommutative geometry at short distances [6] .
It has been shown that the BFSS matrix theory compactified on a tiny circle, Matrix string theory (MST), provides a nonperturbative definition of the weakly coupled type IIA string theory [7, 8] . The string coordinates of the MST are also matrices taking values in the non-Abelian gauge group although they becomes usual commutative C-numbers in the weak coulpling limit which corresponds to the zero size limit of the compactified circle.
The beautiful picture arises in the MST. It has a description of the Hilbert space of second quantized string theory [8] . The second quantized string is due to the residual discrete Weyl symmetry of the gauge group acting on the matrix elements within the Cartan subalgebra.
In the BFSS matrix theory, this Weyl symmetry gives the conventional spin statistics on the states of the D0-brane Fock space [4] .
Our motivation to construct a non-Abelian Ramond-Neveu-Schwarz (NARNS) string theory where the string coordinates are noncommuting matrices comes from this new picture, "noncommutative spacetime geometry". We think that there must exist a Lorentz invariant worldsheet formulation of MST which is a Green-Schwarz [9] light-cone formulation. What is the NARNS string theory and how the NARNS string theory should be constructed? It is a generalization of the usual RNS string theory [10] in the way that the string coordinates are noncommuting matrices in a group G, which depends on the worldsheet coordinate.
Therefore the NARNS string theory is the two-dimensional supergravity theory coupled to SYM fields and adjoint matters (string coordinates) in the gauge group G.
Recently the noncommutative spacetime picture of string theory appeared in an interesting way as the form of spacetime uncertainty relation by Yoneya and Li [11] . They argue that the spacetime uncertainty relation of the form ∆X∆T ≥ α ′ for the observability of the distances with respect to time, ∆T and space, ∆X, is universally valid in string theory including nonperturbative objects, D-branes [12] and this relation can be derived as a direct consequence of the worldsheet conformal invariance. It implies that the fumdamental constant α ′ of Nature representing the string size has a fundamental significance as the constant c (Lorentz covariance) andh (quantum mechanics). If we innocently accept their argument, the spacetime probed by string should be a noncommutative object for short distances compared to the string scale l s ≡ √ α ′ . Only for α ′ → 0 limit, the classical geometry appears. This is an another motivation for our NARNS string theory.
The organization of this paper is as follows.. In Sec.II, we formulate the superspace of two-dimensional supergravity coupled to SYM fields for the purpose of constructing a locally supersymmetric worldsheet formulation of the NARNS string theory described above. Our superspace formulation of N = 1 SYM theory coupled to two-dimensional supergravity is a new one up to our knowledge. In Sec.III, we explicitly construct the NARNS string theory and show that it has a free string limit where it becomes N-copies of usual RNS string. And we observe that, in the weak coupling limit, i.e. g s → 0 where g s is the coupling constant of our theory related with the Yang-Mills coupling as g
s , a new additional dimension appears in the string spectrum and it can be speculatively interpreted as the compactified eleven dimensional coordinate. In Sec.IV, we argue that the NARNS string theory is de-scribed by the orbifold conformal field theory (CFT) [13] , essentially second quantized string theory, contrary to the ordinary RNS string which has a first quantized description. In the g s ≪ 1 limit with fixed α ′ , the SYM part must be considered. Nevertheless, the full superconformal symmetry of the NARNS string theory is preserved in a particular configuration.
In the limit, the additional degree of freedom interpreted as compactified eleven dimension in this paper is interestingly described by the orbifold O(N) sigma model predicting that the size of this dimension increases in the ultraviolet limit and decreases in the infrared limit. In Sec.V, we discuss many aspects of NARNS string theory. In Appendix, the details of the superspace formulation of two-dimensional SYM theory coupled to supergravity are presented.
II. TWO-DIMENSIONAL SUPERGRAVITY COUPLED TO SUPER-YANG-MILLS THEORY
In this section, we will formulate the superspace of two-dimensional supergravity coupled to supersymmetric Yang-Mills fields for the purpose of constructing a locally supersymmetric worldsheet formulation of a NARNS string theory where the string coordinates are noncommuting matrices in a compact Lie group G. We will closely follow the Wess and Bagger [14] on the superspace and Howe [15] on the two dimensional supergravity.
The two dimensional superspace has two kinds of supercoordinate indices, a curved index M = (m, n; µ, ν) and a tangent index A = (a, b; α, β). The coordinates of superspace,
, obey the following multiplication law:
At each point in superspace the one-form basis E A (z) define a local reference frame:
where superzweibein E M A (z) is an arbitrary invertible superfield,
3)
The exterior derivative may be written in terms of the differential operator in the local frame
where
The tangent frame E A (z) is locally Lorentz covariant:
where the Lorentz generators L B A have two irreducible components:
To define covariant derivative on 2D Lorentz group we must introduce a connection form
transforming as follows under the Lorentz group:
The connections allow us the covariant derivatives, for example, for a one-form V ,
Then the torsion two-form, T A , is defined as the covariant derivative of the vielbein and the curvature two-form, R A B , in terms of the connection:
They satisfy the Bianchi identies,
The two dimensional Lorentz group structure, Eq.(2.6), allows us to make the simplication
In order to formulate two dimensional supergarvity coupled to N = 1 SYM theory, we must introduce a Lie-algebra valued one-form:
13)
where the matrices T are the hermitean generators of the structure group G. Under a local structure group represented by U = e iX where the gauge parameter X is a scalar superfield, the gauge connections transform as
and we can define gauge covariant derivatives as before
for a superfield φ in the adjoint representation of the group G. The curvature two-form tensor which can be constructed from the connection and its derivatives is defined as follows 16) which covariantly transforms under the local structure group
The curvature tensor, "field strength", may be then read as the component form
As in the Eq.(2.12), the field strengths introduced above similary satisfy Bianchi identities by virtue of their definition in terms of 'potentials': 19) in component form, which are As the four dimensional case, we take the proper constraints on supertorsion to reduce the number of component fields, which must be Lorentz covariant, gauge covariant, and supersymmetric and should not restrict the σ-dependence of the component fields [14] :
One can solve the Bianchi identities (2.12) subject to the constraints (2.21) 1 and find that all the components of the curvature and the torsion can be expressed in terms of one scalar superfield S [15] . Thus the supergeometry can be determined by the Bianchi identities and the torsion constraints.
In order to eliminate the gauge degrees of freedom coming from the superreparameterization and local Lorentz transformation, we impose the proper conditions on the superzweibein and the connection, so-called, Wess-Zumino gauge [14] . The component fields can then be derived from the superfield language in terms of their θ expansions [15] ;
and
23)
where A and ψ are the first and second components of the curvature superfield S,
The superdeterminant must be introduced to construct invariant actions from superfields and can be calculated from superzweibeins, Eq.(2.22)
The superspace transformations are constructed from the super-reparameterization and local Lorentz transformations of superspace. The infinitesimal changes in the vielbein and the connection under the superspace transformations are given by
From the superspace transformations of E µ A and Ω µ one finds that the transformation parameters ξ M and L can be decomposed as the following forms [15] 
where (f, α, l) correspond to coordinate, local supersymmetry and Lorentz transformations respectively. The supersymmetry transformations for the supergravity multiplet (e m a , χ m , A) may be read off and one finds
ω m γ 5 α is the covariant derivative of the spinor α.
In order to formulate the two dimensional SYM theory in superspace [16, 17] , we need some constraints eliminating superflous components in the superfields A B (z), which are analogue of the supertorsion constraints (2.21) in the supergravity sector. According to the definite analogy between two dimensional and four dimensional gauge theory, one may choose the constraints as F αβ = 0. However we will find that the Bianchi identity (2.19) together with these constraints makes the two dimensional SYM theory trivial. In order to construct an appropriate nontrivial superspace, we instead impose the alternative constraints on the theory as follows:
Note that the above constraints can be solved by introducing the scalar superfield W
Then the Eq.(2.18) implies that the scalar field strength W (z) is represented in terms of the spinor potentials:
Now one can similarly solve the Bianchi identity (2.19) or (2.20) subject to the constraints (2.29) and find that the Yang-Mills mutiplet can be expressed in terms of one spinor superfield A α (z). 2 The detailed solutions of the Yang-Mills Bianchi identity and the superspace formulation of two-dimensional SYM theory coupled to supergravity will be presented to the Appendix.
The spinor superfields A α (z) correspond to the Yang-Mills vector multiplet in the adjoint representation of the gauge group U(N) and are expanded as
The gauge transformation on A α (z), Eq.(2.14), is given by
where the scalar superfield X(z) is a gauge parameter of U(N):
As shown in the Appendix, the Wess-Zumino (WZ) gauge [14] , η = n = 0, can be chosen by using the gauge freedoms ζ and ρ and in this gauge the transformations (2.33) of the 2 In fact, it is not necessary to solve the Bianchi identities because, by solving the constraints (2.29) directly, we can easily determine the vector potential A m (z) in terms of spinor potential
component fields v m , φ, and λ reduce to the ordinary gauge transformations, so that they correspond to the Yang-Mills gauge fields, adjoint scalars, and their superpartners, gauginos, respectively.
Next we consider the superspace transformation of the superfields A α (z) defined as [14] δA
Since the above superspace transformation does not preserve the WZ gauge η = n = 0, the gauge parameter X(z) should be field-dependent and decomposed as the following form in order to preserve the WZ gauge
In the WZ gauge the superfield A α (z) has the following component expression:
The supersymmetry transformation (2.34) for the Yang-Mills multiplet (v m , φ, λ) becomes covariantized transformation in the WZ gauge and can be determined as (see Appendix)
is the Yang-Mills field strength.
III. NON-ABELIAN RAMOND-NEVEU-SCHWARZ STRING THEORY
According to the motivations mentioned in the Introduction, we will now try to construct consistent worldsheet formulation of RNS string theory where the "spacetime coordinates" of strings are treated as non-commuting matrices. Our string coordinates X I (σ) are N × N hermitian matrices in the adjoint of an U(N) group, carring also an SO(D − 1, 1) vector
In order to obtain a desirable formulation for the NARNS string, the adjoint matters in the gauge group U(N), playing a role of matrix string coordinates, need to be introduced. Of course, this adjoint matter couples to the SYM field as well as the worldsheet supergraviton.
We thus introduce worldsheet scalar superfields V I (z) in the adjoint representation of the U(N) group, which have the expansion:
Note that the worldsheet spinor ψ I (σ) is an SO(D − 1, 1) vector like as X I (σ). Under the superspace transformation, V I (z) changes as follows:
with the gauge parameter X(z) given by Eq.(2.35). Inserting the explicit form (2.27) for ξ M , one finds the supersymmetry transformation law for the component fields:
We endow our system with the natural metric which is invariant under U(N) × SO(D − 1, 1):
where g IJ is the Minkowski metric of the embedding space with signature (D-1,1).
Under the metric (3.3), the gauge invariant locally supersymmetric worldsheet action is then given by
The coupling constant g Y M should be proportional to the string tension as T
for a dimensional reason. Thus we introduce the dimensionless coupling constant g s as
Then the weak coupling is characterized by the condition g
In Sec.II, we observed that the spinor superfields A α (z) may be viewed as the supersymmetric generalization of the Yang-Mills potentials. To construct the corresponding SYM theory, we need a gauge covariant supersymmetric field strength related with the usual Yang-Mills part. It is easily confirmed that this object is given by the covariant derivative of the superfield W in the Eq.(A7). Hence we can easily write down the SYM action coupled to two-dimensional supergravity:
We must emphasize the fact that the "super Euler number" defined on a super Riemann surface M reduces to the standard Euler number
where R = ǫ mn e ∂ m ω n is the curvature of the connection ω m in Eq.(2.24). This action contains no term involving the auxiliary field A unlike the higher dimensional supergravity [14] .
We will not consider the two dimensional pure supergravity action (3.6) since it is a total derivative and so have no dynamics.
From the Eq.(3.4) and Eq.(3.5), one can obtain the corresponding worldsheet action for the NARNS strings
where In two dimensions, the Yang-Mills gauge fields themselves have no propagating degrees of freedom -there are no gluons. This does not make the theory trivial, but the gauge field interactions give rise to a confining potential for colored objects [18] . In addition, the SYM multiplet in two dimensions contains genuine dynamical degrees of freedom in the adjoint representation. Thus two dimensional SYM theory may reveal nontrivial physical spectrums such as nonperturbative vacuum structures [17] . Although all this is true, the SYM action (3.5) is at most order of α ′ compared to the worldsheet action (3.4). In infrared (IR) limit, i.e. α ′ → 0 with fixed g s , the SYM part can be thus ignored. It is important to observe that, in this limit, the SYM action (3.5) is strongly coupled and we expect a nontrivial CFT to describe the IR fixed point.
It turns out that we can find this CFT description via the following rather naive reasoning. We first notice that, in the α ′ → 0 limit, the potential terms comming from the commutators in the NARNS string acton (3.7) effectively turn into constraints, requiring all the matrix fields in the adjoint representation of U(N) to commute. 4 This means that we can write the matrix coordinates X I in a simultaneously diagonalized form
with U ∈ U(N). Here U and all eigenvalues x I a can of course still depend on the worldsheet coordinates. In this IR limit our NARNS string theory has a free string limit where the usual RNS string theory is recovered and it becomes N-copies of usual RNS string [19] : 
where η mn is a flat worldsheet metric.
It is interesting to observe that, in the g s → 0 limit with fixed α ′ , the SYM action (3.5)
is invariant under a Weyl transformation that rescales the fields according to
together with the super Weyl transformation of E M A which consists of the last two equations in Eq.(3.10) and
. This fact can be most easily understood as following way:
Since the terms involving with v mn vanish in the limit, the superfield W in Eq. as proved by Howe [15] . This implies that the Weyl symmetry is preserved at least up to α ′ order provided that the SYM multiplet scales as the Eq.(3.13). But the transformation (3.11) is no more symmetry of the action (3.5). It will be showed that this symmetry is recovered at a particular situation.
When the SYM action in the g s → 0 limit is considered, we can use the only six gauge degrees of freedom 5 and so may choose the gauge e m a = δ m a and χ m = γ m χ. In this gauge, the NARNS string action (3.7) becomes
Note that, in the limit g s → 0, all the matrix fields in the action (3.14) except the YangMills gauge fields v m still take the diagonalized form such as X I in the Eq.(3.8). In order to remove the auxiliary field A, we use the equation of motion for A A = − 3i 2λ γ 5 χ φ/φφ.
Then the action I W eak reduces to the following form
As usual, we have the constraints comming from the equations of motion for the zweibein and gravitino due to the above gauge fixing:
The superconformal generators, T mn and F m , no loger satisfy the tracelessness property
This is due to the fact the NARNS string action in the g s → 0 limit does not have the symmetry (3.11), thus full superconformal symmetry.
We would like to seek the particular situation for the superconformal symmetry of the NARNS string to be recovered. In order to satisfy this requirement, we must have the conditions, T Together with the condition (3.18), this implies that the gaugino and the scalar field must parallely align in the U(N) group space:
When the condition (3.19) is satisfied, we arrive at a configuration to recover the superconformal symmetry
Then the scalar field φ in the Yang-Mills multiplet becomes a singlet with respect to the worldsheet supersymmetry, i.e. δφ = 0, and behaves as a modular parameter of the theory.
Let us give some remarks for this interesting phenomenon. First, notice that the SYM gauge theory in two dimensions can be obtained by a dimensional reduction from the SYM gauge theory in three dimensions. The adjoint scalar field can be understood as the component of the gauge field in the compactified dimension. Note that the Yukawa interaction in the Eq.(3.7) is nothing but the gauge interaction in this compactified extra dimension.
Second, from the Eq.(3.15), we observe that the scalar field φ in the Yang-Mills multiplet shows the same behavior as the string coordinates X I , i.e., it behaves as if it is an another coordinate of the string. If we would interpret the scalar field as the field living on a some compactified dimension, we can introduce a new coordinate along this compactified direction as
If the Abelianized string theory (3.9) is defined in the ten dimensions, the coordinate X D+1 in the Eq.(3.21) should be involved with the eleven dimensional coordinate. Then the condition (3.20) constrains that the eleven dimensional coordinate X D+1 should be defined on an (N-1)-dimensional orbifold S N −1 /S N , where the orbifold group S N comes from the discrete Weyl symmetry of U(N). It is prudently expected that our NARNS string theory has the natural M-theory interpretation and is related with the Matrix string theory.
IV. NARNS STRING AS MATRIX STRING THEORY
In the previous section we showed that our NARNS string theory in the α ′ → 0 limit with fixed g s has a free string limit where the usual RNS string theory is recovered and it becomes N-copies of usual RNS string. And we observed that, in the weak coupling limit, i.e. g s → 0, a new additional dimension appears in the string spectrum and it can be speculatively interpreted as the compactified eleven dimensional coordinate. In this section, we will argue that the NARNS string theory in the α ′ → 0 limit with fixed g s can be described by the orbifold conformal field theory, which seems to correspond to the manifestly covariant worldsheet version of the MST of Dijkgraaf, Verlinde and Verlinde (DVV) [8] . And we observe that, in the weak coupling limit, i.e. g s → 0, the dynamics of a new additional eleven dimensional coordinate is given by an S N -orbifold O(N) sigma model.
Our speculation in this section are preliminary and conjectural. We hope our conjectural speculations to be completed by the detailed analysis in the near future.
Let us recall the M(atrix) formulation of M-theory by BFSS [4] and Matrix string theory
by DVV [8] . Consider an M-theory excitation on R 10 × S 1 with finite mass m which satisfies a Lorentz invariant eleven dimensional dispersion relation
where the eleven dimensional momentum P 11 along the circle S 1 with radius R 11 should be quantized as P 11 = N/R 11 . In an IMF boosted along the S 1 , P 11 → ∞, and a particular decompactified limit, i.e. R 11 → ∞, the dispersion relation (4.1) with the eleven dimensional Lorentz invariance effectively reduces to the transverse 9-dimensional Galilean dynamics:
This relation implies that M-theory quantum dynamics in IMF may be captured by the quantum mechanics of particles with the mass m = P 11 . What is the M-theory object on R 10 × S 1 carrying the mass P 11 ? According to Witten [2] , we see that this is just a D0-brane, Kaluza-Klein excitation along the eleven dimensional circle S 1 , whose IR dynamics is given by the super Yang-Mills quantum mechanics [21] defined in 9 space dimensions
. Thus the following conjecture can be made:
M-theory quantum dynamics in IMF is described by the D0−brane quantum mechanics.
This is exactly the BFSS conjecture [4] which almost has passed many nontrivial tests so far.
What Witten has shown is that the strong coupling limit of type IIA superstring theory should be identical to the M-theory on R 10 × S 1 [2] . According to this ficture, if we consider the BFSS matrix theory more compactified on a circle S 1 of radius R 9 along the X 9 direction, and if we think of dimension 9 rather than dimension 11 as the M-theory compactification direction to get the type IIA theory, the SYM theory in two dimensions should provide a light-front description of the type IIA string theory according to the duality relation [22] IIA
where the radiusR 9 of the dual circleS 1 is related byR 9 = 1/2πR 9 . Since the dimension 9 is the M-theory compactification direction, the fumdamental objects which carry the light-front momentum p + = N/R 11 are no longer D0-branes, but rather strings. Thus this gives the DVV description on MST [8] , namely that two dimensional Yang-Mills theory in the large N limit should correspond to light-front type IIA string theory which is given by a sigma model on the orbifold target space (R 8 ) N /S N as R 9 → 0. The Weyl symmetry S N is the discrete remnant of the gauge group U(N) acting within the Cartan subalgebra, indicating that the string bits, partons carrying a minimum unit of light-front momemtum, should be treated as indistinguishable objects. One particularly nice picture of MST comes in following way.
Since the string configuration may respect the residual gauge symmetry S N if we go around the space-like S 1 of the worldsheet, the matrix configuration need not be periodic in σ. The matrices X i (0) and X i (2π) can be related by an arbitrary permutation. The lengths of the cycles of this permutation determine the numbers of string bits, which combine into long strings whose longitudinal momentum p + = n/R 11 can become large in the large N limit.
The twisted sectors of this theory correspond precisely to the sectors where the string bits are combined in different permutations.
We want to construct a theory with "space-time" Poincaré symmetry as well as U(N) In this section we take string unit α ′ =2 and the two dimensional worldsheet is taken to be a cylinder parameterized by the coordinates (τ, σ) with σ between 0 and 2π. The light-cone matrix coordinates are defined to be
and X i , ψ i , i = 1, · · · , D − 2 and the scalar product in terms of light-cone components is
In IR limit, i.e. 
Since the NARNS string theory in the IR limit is also described by the S N -orbifold CFT,
we can follow the exactly same route taken by [23] and [8] , keeping in mind some issues such as the GSO projection [24] and the level-matching condition [25] 5) where N n denotes the multiplicity of the cyclic permutation (n) of n elements in the decom-
In each twisted sector, one must further keep only the states invariant under the centralizer subgroup C g of g, which takes the form
Here each factor S Nn permutes the N n cycles (n), while each Z n acts within one particular cycle (n). Thus the total orbifold Hilbert space takes the form
where C g invariant subspace H Cg g can be decomposed into the product over the subfactors (n) of N n -fold symmetric tensor products of appropriate smaller Hilbert spaces H
The Hilbert spaces H Zn (n) in (4.9) denote the Z n invariant subspace of a single string on
with winding number n. We can represent this space using n coordinate fields
with the cyclic boundary condition
for a ∈ (1, · · · , n). We can glue the n coordinate fields x(σ) together into one single string field x(σ) defined on the interval 0 ≤ σ ≤ 2πn. Hence, the oscillators of the long string that generate H Zn (n) have a fractional 1/n moding relative to the string with winding number one.
The group Z n is generated by the cyclic permutation
which via (4.10) corresponds to a translation σ → σ + 2π. Thus the Z n -invariant subspace consists of those states for which the fractional left-moving minus right-moving oscillator numbers combined add up to an integer.
In the S N orbifold CFT, the twisted sectors of the orbifold corresponding to the possible multistring states are all superselection sectors unless string interactions are introduced that generate the elementary joining and splitting of strings. Thus the GSO projection summing over all possible spin structures for the string amplitudes [25] independently applies to each string in each superselection sector. This projection is performed separately on left and right movers because the states of the closed NARNS superstring are direct products of the Fock space states for the right and left movers. This degree of freedom gives us two types of string theory, i.e. type IIA and type IIB string theories. Then our NARNS string theory impartially should provide the matrix formulation of both type IIA and type IIB string theories. Since each string with lengths n is the same as the usual RNS strings with same lengths, this reasoning then leads to the important conclusion that the critical dimension of the NARNS string theory in the IR limit is also 10 in which case superconformal symmetry is manifest even in the quantum level [20] . So we will restrict to the case D=10.
Let us compactify the light-like coordinate
) on a circle of radius R, which is essentially taken to infinity in order to obtain a uncompactified limit. In this case the conjugate momentum p + is quantized as p + = N ′ /R with N ′ being integer valued.
This step introduces the twisted sectors corresponding to strings wound around the peoriodically identified coordinate X − , each describing a set of noninteracting strings of length proportional to the carrying light-front momentum n/R satisfying
For an instructive discussion on discrete light-cone quantization of string theory, see [26] .
Until now, it seems that there is no relation between the light-front momentum N ′ and the dimension of gauge group N. But, according to the string bit or parton picture, considering the fact that the lengths n of the individual strings specifies its light-cone momentum and the string Fock space is characterized by an integer N ′ satisfying n nN n = N ′ , it is reson- Now we will consider an another limit, g s → 0 limit with fixed α ′ , where the SYM part cannot be ignored. In the previous section, we showed that the configuration (3.20) preserves the full superconformal symmetry, so the superconformal gauge fixing can be made:
e m a = δ m a and χ m = 0. In addition we will fix the U(N) gauge symmetry as v m = 0. In this gauge the action (3.15) takes the CFT limit
with the generators to determine the coordinates X − and ψ − as
14)
which leaves only the transverse components X i , ψ i andφ as independent degrees of freedom (assuming thatφ ∈ S N −1 /S N ). In terms of these transversal degrees of freedom only, the light-cone action is simply nontrivial example is a Z 2 -orbifold O(2) sigma model which has been extensively studied so far [31, 32] . This model describes a free massless scalar fieldφ compactified on the orbifold Virasoro algebras, is exactly equivalent to each other [31, 32] . It is a kind of an electric-magnetic S-duality relating the models at R and 2/R, while, in our case, it is a T-duality [12] .
If a Wess-Zumino-Witten (WZW) term is included with the kinetic energy term, this theory can be described by the gauged WZW theory based on the coset model SO(N)/SO(N − 1) × S N using the Goddard, Kent, and Olive algebraic construction [27] .
This model provides a interesting property that the purely bosonic model is equivalent to a free fermion theory at a particular infrared fixed point [28] . It has been known by the explicit analysis of O(4) model with no orbifold group [29] that the radius of S 3 increases with energy, and as a result the local curvature tends to zero and in the infrared limit the radius decreases with decreasing energy, but it stops decreasing as it reaches its minimum critical radius which is the infrared fixed point having the fermionic description. Although the presence of these interesting phenomena, we don't completely identify the spectrum of this theory with the string theory aspects, particularly involving with the mysterious eleven dimensional M-theory.
V. CONCLUSIONS
According to the recent remarkable picture, so-called noncommutative spacetime geometry, appeared in nonperturbative string theory and M(atrix)-theory, we, in this paper, considered NARNS superstring theory as a generalization of usual RNS string theory. It is a two dimensional supergravity theory coupled to SYM fields and adjoint matters in a gauge group U(N). Therefore the string coordinates of our theory are noncommuting matrices in the group U(N). In a region that the usual spacetime picture emerges, this theory is described by the orbifold conformal field theory, essentially second quantized string theory in large N limit, contrary to the ordinary RNS string theory which has a first quantized description.
In the weak coupling limit that the SYM part must be considered and the superconformal symmetry is preserved, a new additional dimension appeared in the string spectrum, which is interpreted as compactified eleven dimension in this paper. This additional degree of freedom is interestingly described by the S N -orbifold O(N) sigma model predicting that the size of this dimension increases in the ultraviolet limit and decreases in the infrared limit.
If a topological WZW term is included with the kinetic energy term, the size of the eleven dimension flows to some critical value in the IR limit instead of flowing to zero size, where the purely bosonic model is equivalent to a free fermion theory. But we don't ensure how the WZW term can be naturally introduced in the NARNS string action. It will be interesting for these phenomena to give a natural M-theory interpretation.
Our matrix model is a worldsheet formulation compared to the Green-Schwarz formulation of MST by DVV. While the MST of DVV is the type IIA string theory in the GreenSchwarz light-cone formulation, it seems that the NARNS string theory provides a (non)-perturbative worldsheet matrix formulation of both type IIA and IIB superstring theory.
The distinction of the type IIA and type IIB comes from the GSO projection independently performed on the right and left movers. The interaction of the NARNS string will be represented by a local operator via a perturbation of the S N -orbifold conformal field theory [8] .
Thus the identification of the vertex operator generating this interaction would be important to obtain a picture of interacting NARNS string. According to the recent argument [30] , the interaction generating the elementary joining and splitting of strings may come from the holonomy of the gauge fields v m through the monodromy of a twisted bundle. This implies that the gauge field on the string worldsheet is crucial in the dynamics of the theory.
Our theory also has two parameters like as MST [8] , α ′ and g s , related with the string tension T = 1/2πα ′ and the Yang-Mills coupling constant g
The coupling constant g s precisely plays the same role with the string coupling constant λ s = e −(vev of dilaton) . If the string interactions generating the elementary joining and splitting of strings are also correctly reproduced in our model, the coupling constant g s can be directly related to the string coupling λ s , since, in going from the one-string to the two-string and vice versa, the genus of the string worldsheet (Riemann surfaces) changes by one unit, so the vertex operator generating this interaction in our model must contain the factor λ s = e −(vev of dilaton) .
Compactification of the NARNS string theory means that some "matrix" string coordinates are defined over some compactified manifold. For example, if we compactify a coordinate X I on a circle S 1 of radius R, the components X D0-brane within block m ∈ Z and j-th D0-brane within n-th block. Therefore the compactification scenario of [22] can be equally applied to the NARNS string theory.
Although our matrix formulation of string theory is restricted only to the case of closed strings, e.g. type IIA and type IIB, it seems to be possible to extend to the cases of heterotic and type I strings. A naive conjecture for heterotic string and type I string is following: The matrix fields of the heterotic string are only 10-dimensional coordinates, X 0,···,9
R,L and ψ 0,···,9 R and the compactified left-moving coordinates X 1,···,16 L still remain C-number fields since they must identically generate the usual anomaly free gauge group SO(32) and E 8 × E 8 for the consitituent strings. And, for the type I string, the identical SO(32) Chan-Paton factor is globally assigned for the consitituent strings at the "boundary" of the strings and Z 2 modding of type IIB matrix string theory. However it is not obvious how this naive scenario consistently works.
where S is the curvature superfield in the Eq.(2.24). We write down the Bianchi identities (2.20) in component form:
From Eq.(A3), one may obtain the relation
It follows from Eq.(2.30) and the two-dimensional identity, γ a γ b γ a = 0 that W α is of the form
Thus we obtain
Using the above results, the Eq.(A5) leads to
It is also straightforward to obtain the following relations from the Eqs.(A2) and (A3):
The first equation gives the usual Bianchi identity with respect to the Yang-Mills field strengths F ab .
In summary, the SYM Bianchi identities can be completely solved together with the supertorsion components and the field strength F BC can be represented by the scalar superfield W which is defined in terms of the spinor potential A α .
For reader's reference, we would like to present some sets of the inverse superzweibein E A M which are frequently used through this paper
Under the gauge transformation (2.14) on A α , the component fields η and n shift by the gauge transformations
so that the fields η and n can be completely gauged away. In this Wess-Zumino (WZ) gauge, η = n = 0, the gauge transformations (2.33) of the component fields v m , φ, and λ reduce to the ordinary gauge transformations:
On the other hand, the supersymmetry transformation, (2.34), of component fields can be directly calculated by using the Eq.(2.27) δη = iγ m α g m + iγ 5 α φ, 
2χ mχn = g mnχ ·χ,χ m γ nχp = 0.
In the WZ gauge, the scalar field strength W (z), (2.31), can be calculated straightforwardly by using the Eqs. 
It is now straightforward although somewhat tedious to calculate ∇ α W, ∇ α W ∇ α W and E ∇ α W ∇ α W from the Eq.(A15) to obtain the super-Yang-Mills action (3.5).
